TEMPERATURE DISTRIBUTION AT A THERMALLY
INSULATED CRACK IN A PLATE AT VARIOUS
BOUNDARY CONDITIONS
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Integral characteristics are defined for the temperature field of a plate with an open and
thermally insulated crack and with boundary conditions of the first, the second, or the third
kind at the lateral surfaces.

For the solution of thermoelasticity problems for thin plates or shells it is necessary to know the
“integral characteristics of the temperature field: the mean temperature Ty and the temperature moment

T,, defined according to [1] as
1 1 1
T, = j:dy, T, =12 f( y ——2)tdv-
] ’ o :

In view of this, it becomes worthwhile to solve the heat conduction problem so that both characteristics
are immediately determined, In this case one may approximate the temperature distribution in the plate
by the following expression {1]: '

7 1
t=!1— 2 (1 —6y+6y){T -
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Inserting this value for t into the boundary conditions at the surfaces
al—a—t—— + bt =", for y=1,
oy
—a, b=, tor y=0,
oy

yields a system of differential equations

2 .
DLT; =T i=1, 2 )

=1
where
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Ln(ﬂ)=b1_7 al+? v Ly (0) =0,

by P C by,
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and ¥j are known functions.

Assuming that a crack along y = 0, x| = 1 is thermally insulated, we obtain the following constraints
on functions T; and Ty:

+ —
oy _ 9Ti —o,j=1,2, K<L

% 9
Let us express the temperature t as a sum
t =1, 9,
where the first term represents the temperature field of a plate without cracks andl the second term repre-
sents the temperature field perturbation due to a crack. The integral characteristics T, and T, will be
expressed analogously as:

T’.: Tj0+®]’ j: 1,2.

The quantities ®; will be found from the system of homogeneous differential equations

2

ML (pH0;=0, i=12 (2)
=l
with the boundary conditions along the crack liney = 0
08f a0y
oy oy @), F5(x)
+
_Th  j=12 xl<1 3)

and with the requirement that both ®; vanish at infinity.
We introduce two new functions ¢ and @y:
8, == Loy (P) D — Ly (7)) @y, 8y = Ly (01— Ly (1) D ()
Inserting (4) into system (2) yields two identities from which € and ®; can be determined:
(@ —bp*+0)® =0, (ap* —bp* + ) D, =0,
with

— 44 i b b
9= "0 T Uht el T

13 b.b
b= ala? + 30 (@b, + ayby)+ % 5
¢ = ayb, + a,b, + b,b,.

Consequently, &, = k® with k = const. Letting k = 0, we have
8, = Ly (") @, 6, = — L, (1) D. (5)

With the aid of (5), we represent functions ®; and @, in the form of Fourier integrals

o 2
6f =+ [ Dln(p)N,()exp(—lylVF- % —isx)ds,
—_— =] .

o 2 (6)
6F = £ § XLy (W) Ni(s)exp(— gV &+ o —isx) d,

—00 f=1|

where

s b=V —d4ac »_ b+VF—da b
W = 52 ’,M o » Ky =, n
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Fig. 1. @, (a) and @, (b) versus coordinates x and y.

Solid curves, for y = 0; dashed curves, fory = 1.

In Fig. 1b the scale for dashed curves is shown to the

right.

1 _ _
¢ (1) = (6] —07) =0 = —67, j=1.2.
2

(7)

Applying the Fourier transformation to these equalities and considering relation (6), we then solve the re-
sulting system of equations and find

where

integral equations

where

N;(s)=

El (E) = L21 (

1

2
Me

1

) @1 (&) + Ly (13) 9, (8),

mi E, () exp (ist) dt.

Ey(®) = — Ly (1l) : &) — Lox (1) 92 ®),
L ( Pﬁ, Hg) =1Ly, ( lﬁ) Ly, ( P—g) — Ly ( Mg)Lzl ( Pf) .

Having satisfied the boundary conditions (3), we obtain for the unknown functions E;(£) and Ey(£) two

1
%y jEi (g) Kl [%i (E-—-X)]
a

E—x

dE=—F,(x), i=

1,2, 11 < 1,

{

Fi(x)=1L, ( P‘g) f1(x) =+ Ly, ( P‘g) fa (%),
Folx) = — Ly (P‘?) fi (X)—Lzz(.“'%)h (x).

(8)
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Solving these equations yiclds @, and @y at y = 0 according to formula (7), and aty = 0

2
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O i e | ? £l Co s
=1 ~1
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2 K, [ VEZTFTF (9}
(A et Ve—sig

i=1 —1

Equations (8) are structurally analogous to the integral equations of heat conduction problems for a
plate with a crack and with symmetrical heat transfer at the lateral surfaces [3], or for a layer with an
open crack [4]. Inthose references is shown an approximate solution to Eq. (8). With F;(x) = @Q; = const,,
for instance, the following closed approximate solution is found in [4]:

ch#x

arccos ———f—— | 10
chx; (10)

E, (1) -

For illustration, we will consider the case where boundary conditions of the third kind are specified

at both plate surfaces and the heat transfer coefficients are the same (4y = a3 =1, by = by = €). Then sys-
tem (2) breaks down into two independent equations:

Ly (p?)©, =0, Ly (p") 0, =0.
Roots u% and u% are determined from the characteristic equations

Ly ( l‘?) =0, Ly ( l‘*%): 0.
Functions ®; and ©, at y # 0 will be found by the formula:

oy (o K= T ],
el n \ 1(§ V(Z:V()Z—-l— dg’ l 1’2‘

For determining ¢,(x) and @,(x) we have two integral equations:

(11)

1
J‘"—j o @-FLE— I e p =12 <1
T E—x

—1
Graphs of 6,/qg; and ®,/q, have been plotted according to formula (11) and are shown in Fig. la,b as
functions of x for fj(x) = qj = const. and various values of &€, y with Z/h =1 (¢ = 0, %y =0, #y =10; & = 0,26,
ny = 0.5, %y = 11,06; & = 0,55, »; =1, ny = 12,17). Solution (10) was used for the calculations. These
graphs indicate that the integral characteristics of the temperature field at a crack and, therefore, the
temperature field itself are local and attenuate faster with increasing .

NOTATION

t is the tempcrature;

h is the plate thickness;

21 is the plate length;

X, ¥ are the dimensional rectangular coordinates, referred to /;

Y is the thickness coordinate, reffered to h;
p2 = h2/12(32/8x2 + 82/8y2);

£ =wh;
o is the heat transfer coefficient;
K {x) is the MacDonald function of the first order;
T-=1im T.
y_-»j:O
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