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Integral  cha rac te r i s t i c s  a re  defined for the t em p e ra tu r e  field of a plate with an open and 
the rmal ly  insulated c rack  and with boundary conditions of the f i r s t ,  the second, or  the third 
kind at the la te ra l  su r faces .  

For  the solution of the rmoelas t i c i ty  problems for  thin plates or shells  it  is n e c e s s a r y  to know the 
in tegral  cha rac t e r i s t i c s  of the t empe ra tu r e  field: the mean  t em p e ra tu r e  T i and the t e m p e r a t u r e  moment  
Tz, defined according to [1] as 

l ! 

0 0 

In view of this,  it b e c o m e s  worthwhile to solve the heat conduction problem so that both cha rac te r i s t i c s  
a r e  immediate ly  de te rmined .  In this case  one may approximate  the t em p e ra tu r e  distr ibution in t he  plate 
by the following express ion  [1]: 

12 2 

+ 60 5 ~ 2 T~. 

Inser t ing this value for  t into the boundary conditions at the sur faces  

a l - ~ y + b l t = T  I for ? = 1 ;  

Ot 
- -a~--~yq-b~t=W~ for 7 = 0 ,  

yields a sys t em of di f ferent ia l  equations 

2 

Z Lii (pS) Tj = ~ ,  i = 1, 2, 
j=l 

where  

L~ (o 3) = b~ - -  - ~  al + ; L,~ (p~) --- a~ 

-~ bl p2 ( q b_L~ 

2 10 a, 12/ ; 

(i) 
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L~I (P2) = b2-- P--~-; ( a"  ̀+ ~ -  ) ; 

b 2 , i f (  b~)  
L,,, (t~) = - -  ~ - -  - ~  T -1-6 ~ + - 1 ~  ' 

and '1' i a r e  known func t ions .  

A s s u m i n g  tha t  a c r a c k  a long y = 0, lxl -< 1 is  t h e r m a l l y  insu la ted ,  we obtain  the  fol lowing c o n s t r a i n t s  
on funct ions  T 1 and T2: 

OT + OT-/- = O, ] =  1, 2, Ix[-< 1. 
oy Oy 

Let  us  e x p r e s s  the  t e m p e r a t u r e  t as  a s u m  

t=t0+o, 

w h e r e  the  f i r s t  t e r m  r e p r e s e n t s  the  L e m p e r a t u r e  f ie ld  of a p l a t e  without c r a c k s  anti the  second  t e r m  r e p r e -  
s en t s  the  t e m p e r a t u r e  f ie ld  p e r t u r b a t i o n  due to  a c r a c k .  The i n t eg ra l  c h a r a c t e r i s t i c s  Tt  and T 2 will  be  
e x p r e s s e d  ana logous ly  as :  

T t - -  Tjo.-i-O J, i =  1,2. 

The  quant i t i es  | will  be  found f r o m  the  s y s t e m  of h o m o g e n e o u s  d i f f e ren t i a l  equat ions  

2 

X Lu ( f )  Oi = O, i = 1,2 (2) 
] = l  

with the  boundary  condi t ions  a long the  c r a c k  l ine  y = 0 

oe + oo7 
ov - 3 - ]  - - b (x ) ,  5 (x )  

OT + = ._~ff_, ] = 1,2, lxl-< i (3) 

and with the  r e q u i r e m e n t  tha t  both | van i sh  at  inf ini ty .  

We i n t r o d u c e  two new funct ions  (~ and ~'1: 

e~ = L2~ (p"`) r - -  L~2 (P9 (I)~, O~ = L n (p9r L~ (p2) r  (4) 

I n s e r t i n g  (4) into s y s t e m  (2) y i e lds  two iden t i t i e s  f r o m  which (, and ,b I can  be  d e t e r m i n e d :  

( a p ' - - b p '  + c)@ = O, ( a p ' - - b p '  + c)@, = O, 

with 

a = axa2 -}- l ( a l b ~ +  a"`bx) 4:-. bib"`.. 
10 80 720 ' 

i a  blb2 . 
b = ala ~ + - ~  (axb , + azbl)+,  l--O-' 

c = alb2 + a2b 1 + bib v 

Consequent ly ,  r = k~, with k = cons t .  Le t t ing  k = 0, we h a v e  

O~ = L22 (p2) O, O~ = - -  L~I (p2) (I). 

With the  aid of  (5), we r e p r e s e n t  funct ions  @ 1 and | in the  f o r m  of  F o u r i e r  i n t e g r a l s  
2 

O~ = • S X Lr~ (~t~) N, (s) exp (--[y[ 1/s--f-+-+ z~ - -  isx) ds, 
--Qo i = l  

2 

O~ = _ S Z L21 ( ~ )  N, (s)exp ( - -  Igl l /s  2 + x~ - - i s x )  ds, 
--Qo i = l  

w h e r e  
I1 ~ = b - -  V b ~ ~ 4ac ~_  b + V-b ~ - -  4ac l 

2a , ~ t 2 -  2 a  ' • --- lh -h--" 

(5) 

(6) 

1182 



0 

~z 

qoz5 

o, o5o 

o, oe5 

/ g 3 

! \ 

2 

'5 go '5 

�9 �9 a �9 

X 

9.A~ 

i 
qozs.~o "4 

qazs.t~i* 

Fig.  1. | (a) and @2 go) v e r s u s  c o o r d i n a t e s  x and y .  
Solid c u r v e s ,  fo r  y = 0; dashed  c u r v e s ,  fo r  y = 1. 
In Fig.  l b  the  s c a l e  fo r  dashed  c u r v e s  i s  shown to  the  
r igh t .  

We denote  

1 § _ 
r (x) = - ~  (O i - -  0 i ) = | =- - -  0 7, ] = 1,2. (7) 

Applying  the  F o u r i e r  t r a n s f o r m a t i o n  to t h e s e  equa l i t i e s  and c o n s i d e r i n g  r e l a t i o n  (6), we then  so lve  the  r e -  
su l t ing  s y s t e m  of equat ions  and find 

where 

1 

N, (s) = 2zL  ( ~t~, ~t~) E, (~) exp (isg) dg. 
--1 

El (~) = L~ (~) ~ (g) + r.~, (~) ~ (~), 
2 e~ (~) = - L,I (~) ~ (~) -- L~ (~,) ~, (~), 

2L L ( ~, ~) = L~ (~) L~I (~) - L~, (~) ~, (~) 

Having satisfied the boundary conditions (3), we obtain for the unknown functions El(~) and E2(~) two 
integral equations 

1 

• ~ E, (~) K~ [• ( ~ -  x)] . d~ = - -  F, (x), i = 1,2, Ix I ~ 1, (8) 

--1 

FI (x) -- L21 (~) 11 (x) + L~ (~) s (~), 

F~ (x) = -- L~ (~) f~ (~) -- L~ (~) s (x). 

where 
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Solving t h e s e  equa t ions  y i e l d s  | and ~2 at  y = 0 a c c o r d i n g  to  f o r m u l a  (7), and at  y ~ 0 

2 l 

o~ _.-. ~L ( ~, ~) ,~,L~ (~) e, (~)/%V ['~'(~ --v" (~)~--+xy+y~y~ d~, 
i = 1  --1 

1 (9)  

i = 1  - -1  

Equat ions  (8) a r e  s t r u c t u r a l l y  ana logous  to the  i n t e g r a l  equa t ions  of hea t  conduc t ion  p r o b l e m s  for  a 
p l a t e  with a c r a c k  and with s y m m e t r i c a l  hea t  t r a n s f e r  a t  t he  l a t e r a l  s u r f a c e s  [3], o r  for  a l a y e r  with an 
open c r a c k  [4]. In  t h o s e  r e f e r e n c e s  i s  shown an a p p r o x i m a t e  s o l u t i o n  to Eq.  (8). With Fi(x) = Qi = cons t . ,  
fo r  i n s t a n c e ,  the  fo l lowing  c l o s e d  a p p r o x i m a t e  so lu t i on  i s  found in  [4]: 

ch ~ x  
E l ( x ) :  = Ot arccos (10) 

• ch ul 

F o r  i l l u s t r a t i o n ,  we wi l l  c o n s i d e r  t he  c a s e  w h e r e  b o u n d a r y  cond i t ions  of the  t h i r d  k ind  a r e  s p e c i f i e d  
at  both  p l a t e  s u r f a c e s  and the  hea t  t r a n s f e r  coe f f i c i e n t s  a r e  t he  s a m e  (a 1 = a 2 = 1, b 1 = b 2 = e). Then  s y s -  
t e m  (2) b r e a k s  down in to  two independen t  equat ions"  

L.1 (p~) 01 = O, L~ (p~) O~ = O. 

Roots  #2 and p22 a r e  d e t e r m i n e d  f r o m  the  c h a r a c t e r i s t i c  equa t ions  

Func t ions  | and @2 at  y u 0 wi l l  be  found by the  f o r m u l a :  

1 

O, = --9-~--~- ~ (p,(~) K l [  ~ ' ] / - ~ - -  x)2-~- 9~ ] d~, i -~ 1,2. (11) 
.) .Y = j V ( ~ - ~  ~ - ~  = 

--1 

F o r  d e t e r m i n i n g  ~01(x) and ~o2(x) we have  two i n t e g r a l  e qua t i ons :  
1 

- - -  % (~) = - -  f ,  (x),  i = Ix t  . -  1. 

--1 

Graphs of @I/q�94 and | have been plotted according to formula (ii) and are shown in Fig. la,b as 
functions ofxfor fi(x) =qi-const. and various values of e, ywith I/h= 1 (e= 0, ~oI = 0, n2= i0; e= 0.26, 
~4 i = 0.5, ~2 TM 11.06; e = 0.55, ~i = I, n2 = 12.17). Solution (i0) was used for the calculations. These 
graphs indicate that the integral characteristics of the temperature field at a crack and, therefore, the 
temperature field itself are local and attenuate faster with increasing e. 

t 
h 
2l 
x, y 

7 
p2 = h2/12(D2/Dx 2 -i O2/Oy 2) ; 

e = a h ;  
OZ 

K 1 (x) 
T § = l i m  T .  

y-*=t=0 

NOTATION 

is the temperature; 
is the plate thickness; 
is the plate length; 
are the dimensional rectangular coordinates, referred to l; 
is the thickness coordinate, reffered to h; 

is the heat transfer coefficient; 
is the MacDonald function of the first order; 

I. 

2. 
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